The issue of the bed friction effect on the stability of a stationary hydraulic jump in a rectangular upward sloping channel is investigated through a combined theoretical and experimental approach. The theoretical stability criterion proposed by Defina and Susin ͓Phys. Fluids 15, 3883 ͑2003͔͒ is generalized to include rough wall flows. The results of an extensive series of experiments are then presented. The adopted experimental procedure is detailed, and results are compared with theoretical predictions. It is shown that the proposed stability criterion successfully predicts both the stable and unstable behavior of the jump for smooth and rough wall flow, at least in the range of small upward bottom slopes.
I. INTRODUCTION
Over the past decades, considerable difficulties have been encountered in producing a stationary hydraulic jump in a rectangular upward sloping channel. [1] [2] [3] [4] Rajaratnam 1 performed some preliminary experiments and concluded that "it is almost impossible to keep the jump completely on the reverse slope." McCorquadale and Mohamed 2 observed that it was difficult to establish the adverse hydraulic jump for upstream Froude numbers less than 9. Pagliara and Peruginelli 3 experiments showed that the presence of a sill in an adverse channel stabilized the jump, but complete stabilization was achieved only for Froude numbers greater than 7.5. Baines and Whitehead 4 found that hydraulic jumps produced in their laboratory flume invariably left the channel unless suitable continuous adjustments to the bottom slope were made.
Yet only recently has a precise definition of "jump stability" been proposed 4 and have theoretical criteria to predict its occurrence been developed. [4] [5] [6] Baines and Whitehead 4 stated that if a stable stationary hydraulic jump is slightly displaced from its equilibrium location, then it returns to this position. On the contrary, an unstable stationary jump moves further away from it. Baines and Whitehead also inferred a theoretical stability condition for a stationary hydraulic jump over a plane sloping topography in a rectangular channel of constant width. They examined the sign of the speed adopted by the jump when its equilibrium is weakly perturbed. On assuming inviscid flow conditions, they found that on downslope flow the jump is stable, while on upslope flow the jump is always unstable, irrespective of the Froude number of the upstream flow and bottom slope. Defina and Susin 5 followed a different theoretical approach in order to account for the effects of friction along the channel. Using the momentum function, they derived a stability criterion for a stationary jump in a prismatic channel and showed that a stable jump can exist not only in a downward but in an upward sloping channel as well, provided that wall friction is large enough. In the inviscid limit jump stability is recovered only in a downward sloping channel, in agreement with theoretical findings of Baines and Whitehead. 4 Whether the two above-quoted theoretical approaches are equivalent has remained, however, an open question, which is here resolved.
Moreover, to date, there is no experimental evidence that stable stationary jumps actually can form in an upward sloping channel. This motivated the present experimental investigation.
The paper is organized as follows. The theoretical stability criterion proposed by Defina and Susin 5 is recalled in Sec. II, and extended to rough wall flow. The importance of bed friction in promoting the stability of a jump is highlighted. The mechanism that governs jump stability is also addressed using a graphical approach ͑Sec. II A͒. This allows an intuitive interpretation of the stability condition. Section III is devoted to experiments. The experimental setup and the adopted procedures are detailed in Secs. III A and III B, respectively. The results are presented in Sec. III C, and compared with theoretical prediction. Finally, some conclusions are drawn in Sec. IV.
II. THEORETICAL STABILITY CRITERION
A simple criterion to identify stability conditions of a stationary hydraulic jump in a prismatic channel of nonnegligible bed slope has been recently proposed by Defina and Susin. 5 Here, we first recall the fundamental aspects of this theoretical approach to allow the reader to easily follow the present contribution. We then generalize the stability criterion to include the case of rough wall flow.
We consider a one-dimensional free surface flow established in a prismatic sloping channel, with supercritical upstream flow and subcritical downstream flow. Abrupt transition between these different flow regimes occurs via a hydraulic jump, which is either moving or stationary ͑Fig. 1͒. 
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On assuming steady flow conditions, the stationary solution for the jump can be inferred by the use of the momentum balance equation. With notation as indicated in Fig. 1 , and by using the momentum function M ͑see Ref. 7͒ the equilibrium condition for a stationary jump reads
where M u and M d denote the upstream and downstream values of the momentum function, respectively, ⌬ accounts for both the weight of fluid contained in the jump, resolved down the slope, and the resistance due to bed shear stress developing between sections u and d, and subscript "0" denotes quantities evaluated at the equilibrium position of the jump; i.e., x 0 . Now suppose that this equilibrium is slightly disturbed, and the jump is displaced from its equilibrium position x 0 , to a position x in the downstream direction. Let ␦x = x − x 0 Ͼ 0 be the displacement. The external force S that must be applied to maintain the jump in the displaced position is
If S Ͼ 0 then, after removing S, the jump moves back toward its equilibrium position and the equilibrium is stable; otherwise, the jump moves further away and the equilibrium is unstable.
For a displacement ␦x in the upstream direction ͑i.e., ␦x Ͻ 0͒, the jump moves back to its equilibrium position ͑i.e., the stationary jump is stable͒ if and only if S Ͻ 0. Therefore, stability condition can be expressed as
Expanding M u , M d , and ⌬ up to first order about the point x 0 , Eq. ͑3͒ can be rewritten as
The equivalence between the above stability criterion and the one proposed by Baines and Whitehead 4 is demonstrated in the Appendix.
We now consider a wide rectangular channel and assume hydrostatic pressure along the normal to the bed. With notation as indicated in Fig. 1 , the momentum function is given by
where F is the Froude number,
q is the flow rate per unit width, and g is gravity.
From Eq. ͑5͒, we have
where the surface slope relative to the channel bottom, dy / dx can be obtained from the energy balance equation as
The friction slope J is expressed by the Chézy formula as
where is the Chézy coefficient. With Eqs. ͑8͒ and ͑9͒, Eq. ͑7͒ can be rearranged to read
ͪ.
͑10͒
Equation ͑4͒ also requires the estimation of ⌬. However, at moderate bed slope, ⌬ contributes poorly to momentum balance 5 and, for the sake of simplicity, the contribution of ⌬ is here neglected. Hence, with Eq. ͑10͒, constraint ͑4͒ becomes
where different values are allowed for the upstream and downstream Chézy coefficient. Finally, from Eqs. ͑1͒, ͑5͒, and ͑6͒, one has
and Eq. ͑11͒ can be rearranged to read
͑13͒
Equation ͑13͒ states that for any given F uo and Ͼ 0, a suitable pair of Chézy coefficients ͑ u , d ͒ exists such that a stable stationary jump does occur in the channel. In addition, for the inviscid flow condition ͑i.e., → ϱ͒, jump stability is recovered only in a downward sloping channel, in agreement with theoretical findings of Baines and Whitehead. 4 The Chézy coefficients for hydraulically smooth and fully rough wall flows are, respectively, 
͑15͒
For fully rough wall flow, according to the Manning equation, the ratio u / d can be approximated by a power law,
. ͑16͒
Hence, with Eqs. ͑12͒ and ͑16͒ Eq. ͑13͒ can be rearranged to read
Neutral stability curves, as given by Eqs. ͑15͒ and ͑17͒ for hydraulically smooth and fully rough wall flow, are shown in Fig. 2 .
The stability domain covers the full range of downslope flows ͑i.e., Ͻ 0͒, and extends to upslope flows ͑i.e., Ͼ 0͒ as well. The small differences between the two boundary curves show that the stability of the jump is driven by the amount of friction rather than wall flow regime. In addition, the largest differences between the two curves are found at low Froude numbers, whereas the standing waves behind the undular jump affect the flow and prevent the pressure from being hydrostatic.
A. Graphical solution of the stability condition
Condition ͑4͒, when ⌬ is neglected, has a simple and effective graphical solution, mathematically expressed by
where the subscript "sd" denotes the subcritical sequent depth. The sequent depth, for the case of a wide rectangular channel, can be computed with Eq. ͑12͒ substituting y sd for y d . Subcritical flow depth y d and sequent depth y sd can be assumed as a proxy for the momentum experienced by the downstream ͑subcritical͒ and upstream ͑supercritical͒ flow, respectively. Figure 3 shows the free surface profiles along the channel and the subcritical sequent depth profile: the equilibrium position of the jump, x 0 is located at the intersection of the sequent depth and the subcritical flow profile. If the sequent depth curve crosses the subcritical flow profile from above ͓Fig. 3͑a͔͒, then equilibrium is stable. In this case at x = x 0 + ͉␦x͉, the sequent depth is lower than the subcritical flow depth, i.e., M u Ͻ M d , and at x = x 0 − ͉␦x͉ the sequent depth is higher than the subcritical flow depth; i.e., M u Ͼ M d . Therefore, constraint ͑3͒ with ⌬ = 0 is fulfilled. On the contrary, equilibrium is unstable if the sequent depth curve crosses the subcritical flow profile from below ͓Fig. 3͑b͔͒.
It is worth noting that because subcritical free surface and sequent depth profiles have different curvatures, two equilibrium positions ͑one stable and the other unstable͒ may occur along the channel ͑Fig. 4͒. Whether the upstream or the downstream position is the stable one depends on the sign of d 2 ͑y sd − y d ͒ / dx 2 ͑Fig. 4͒. For this double solution to occur, flow condition must be close to neutral stability equilibrium. In this case, it is cumbersome ͑and sometime impossible͒ to experimentally ascertain where and whether the jump is stable and/or unstable.
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III. EXPERIMENTS
In order to supplement and verify the theoretical analysis discussed above, an experimental program was designed to cover a range of parameters ͑F u 0 , tan ͒ as wide as possible for both hydraulically smooth and fully rough wall flow regimes. 
A. Experimental setup
The experiments were performed in a 0.38 m wide, 0.5 m high, and 20 m long tilting flume with Plexiglas ® walls, whose bottom slope could be adjusted to downward slope in the direction of flow ͑i.e., Ͻ 0͒ only. An upward sloping ramp 4.20 m long and 0.38 m wide with a wellrounded leading edge was placed at the flume entrance ͑Fig. 5͒. The slope of the ramp was tan = 0.04 with respect to the floor of the channel. The ramp was made of Plexiglas ® , which ensured hydraulically smooth wall regime for all investigated ͑F u 0 , tan ͒.
Water was recirculated through the channel via a constant head tank that maintained very steady flow conditions. A magnetic flowmeter accurately measured the flow rate. The channel had two vertical sharp crested sluice gates. One gate was located approximately 0.2 m downstream of the ramp leading edge, and the other was located 1.50 m downstream from the end of the ramp. A gear system was used to raise and lower the gates and the height of the gates opening could be set with an accuracy of Ϯ0.2 mm.
An ultrasonic level sensor, movable along the channel axis between the two gates, measured both free surface and bottom elevation with an accuracy of Ϯ0.1 mm.
In a second set of experiments, the bed of the ramp was artificially roughened. To this purpose, spherical pebbles of ball-clay with a diameter ranging between 9.6 and 10.5 mm were glued onto the bottom of the ramp in the densest possible packing array. 9 The equivalent sand roughness k s was 6.7 mm. 9 Fully rough wall flow was obtained for all investigated ͑F u 0 , tan ͒.
Some preliminary experiments served to calibrate the coefficients a and b in Eqs. ͑14͒. To this aim, supercritical flow profiles along the ramp were measured and compared to numerical integration of Eq. ͑8͒ for both smooth and rough wall flows. On average, the best fitting was obtained with a = 1.23 and b = 11.09, respectively. These values were then adopted to calculate the Chézy coefficient u by Eqs. ͑14͒ for all the experimental runs.
B. Detection of stable and unstable stationary hydraulic jumps
The experimental strategy was to establish a stationary jump on the ramp while maintaining a fixed flow rate and a fixed upward bottom slope, and to examine the behaviour of the jump when it was slightly displaced from its equilibrium position. The Froude number of the supercritical flow just upstream of the stationary jump and the adverse slope of the channel were in the range F u 0 = 1.90-10.57 and tan = 0.005-0.04, respectively. The Reynolds number was in the range 0.5· 10 5 -1.0· 10 5 . Some difficulty was experienced in performing the experiments over the rough bed at high Froude numbers and bed slopes. On one hand, the maximum water depth of the subcritical flow downstream of the jump was limited by the flume walls height, and thus upstream supercritical water depth had to be small ͓see Eq. ͑12͔͒. On the other hand, flow depth of the upstream supercritical flow could not be too small; otherwise, a large amount of air was entrained into the flow ͑Fig. 6͒.
Each run was performed according to the following procedure. The heights of both the upstream and downstream gate openings required to have a stationary jump approximately located at the middle of the ramp were preliminarily computed according to one-dimensional theory. The two gates were set at first according to this estimate, and then finely adjusted to have a hydraulic jump slowly moving upstream toward the middle of the ramp ͑Fig. 5͒.
The early behavior of the moving jump indicated whether stable or unstable conditions would be attained. If the jump was seen to decelerate, then we could fairly predict that it was approaching its stationary ͑and stable as well͒ equilibrium position. Once the jump arrested, i.e., it reached its experimental equilibrium position, the upstream flow depth y u 0 was measured and the experimental Froude number F u 0 was calculated. The stationary jump was then slightly displaced upstream by slightly increasing the downstream force acting on it. To this purpose, a small paddle was inserted into the flow downstream of the jump. As soon as the external force was gently removed, the jump adopted a speed which moved it back to its original equilibrium location; i.e., the stationary jump definitely showed its stable character. On the contrary, if the moving jump occurring at the beginning of the experiment was seen to accelerate, then one could presume that the jump was moving away from its unstable equilibrium position. Moreover, this behavior indicated that the equilibrium position was located downstream of the jump. In this case, quite an involved procedure was required to successfully carry out the experiment. First, the jump was forced downstream by pushing it back toward the end of the ramp. The downstream gate was then raised to decrease the momentum experienced by the subcritical flow, so that the equilibrium position shifted upstream, toward the middle of the ramp. The raising of the gate was protracted until the jump reversed its motion; i.e., it started to move downstream ͓Fig. 7͑a͔͒.
Starting from this condition, the following steps were taken. The jump was gently guided upstream ͑i.e., toward its presumed equilibrium position͒ by increasing the downstream momentum with a small paddle as described above. If, after gently removing the paddle, the jump moved back ͓Fig. 7͑b͔͒, then it was guided further upstream ͓Fig. 7͑c͔͒. The latter step was repeated until the jump was observed to travel upstream after removing the paddle ͓Fig. 7͑d͔͒. The experimental equilibrium position was estimated to fall between the two last positions to which the jump was guided, and the average F u 0 was then evaluated.
It is worth pointing out that great care was taken to set the equilibrium position of the hydraulic jump as close as possible to the middle of the ramp. In this way, neither flow contraction occurring at the upstream sluice gate nor the downstream end of the ramp likely affected the behavior of the jump.
The above procedure proved very effective to identify unstable equilibrium conditions. However, it failed when equilibrium was close to neutral stability; i.e., when two equilibrium positions separated by a small distance occurred along the ramp ͑see Sec. II A͒. Figure 8 gives a comprehensive plot of all the experimental conditions ͑F u 0 , tan ͒ at which either a stable or unstable stationary jump occurred. Figure 8 also shows the theoretical neutral stability curves computed for the minimum and maximum value of the Chézy coefficient in the experiments, for both fully rough and hydraulically smooth wall flows. It is worth pointing out that each experimental point has its own u ; therefore, in the plane ͑F u 0 , tan ͒ no sharp boundary between stable and unstable conditions can be traced. However, Fig. 8 clearly shows that ͑i͒ stable stationary jumps do establish in upward sloping channels, as predicted by the theory and ͑ii͒ increasing of bed friction ͑i.e., decreasing of u ͒ shifts the stability boundary toward higher slopes. A more stringent comparison between experimental results and theoretical prediction is given in Fig. 9 . A good agreement is found for both hydraulically smooth and fully rough wall flows. This is indeed a satisfactory result when considering that the experiments possess a number of physical processes that are not included in the theory ͑e.g., weight of fluid contained in the jump, bed resistance along the jump, length of the jump, nonuniform velocity in the vertical, and ratio of flow depth to channel width, which is not negligible downstream of the jump and affects both the momentum function and the Chézy coefficient͒.
C. Experimental results
IV. SUMMARY AND CONCLUSIONS
The frequently occurring instability of a hydraulic jump in an upward sloping channel is a well documented phenomenon. Two different approaches have recently been proposed in the literature to establish whether a stationary jump slightly displaced from its equilibrium position returns to its original place or moves further away from it; i.e., whether the jump is stable or unstable. One approach examines the speed adopted by the weakly perturbed jump, 4 the other uses the difference of momentum function across the slightly displaced jump. 5 In this paper, we compared these two theoretical approaches for the case of a wide rectangular channel, and demonstrated that they are equivalent. We then extended the criterion proposed by Defina and Susin 5 to rough wall flow and verified the criterion through an extensive series of experiments.
Quite an involved and time-consuming experimental procedure was required to identify unstable jumps. However, the adopted procedure proved very effective.
Experiments demonstrated that a stable stationary jump can establish in an upward sloping channel. In addition, we found that theoretical prediction compares fairly well with experimental results for both hydraulically smooth and fully rough wall flows.
Finally, the present experimental apparatus allowed the testing of jump stability for small upslopes ͑i.e., tan Ͻ 0.04͒. For such small slopes, both the weight of fluid and bed friction along the jump contribute poorly to the net force acting on the jump. Further experiments are thus required to establish whether the present theory, which neglects these factors, reliably predicts the stable/unstable character of a hydraulic jump up to larger slopes.
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APPENDIX: EQUIVALENCE OF TWO DIFFERENT THEORETICAL CRITERIONS OF JUMP STABILITY
Baines and Whitehead 4 inferred a theoretical stability condition for a stationary hydraulic jump over a plane sloping topography in a rectangular channel by studying the sign of the speed a adopted by the jump when slightly displaced from the equilibrium position. For a displacement ␦x in the downstream direction ͑i.e., ␦x Ͼ 0͒, the jump moves back to its equilibrium position ͑i.e., the stationary jump is stable͒ if a assumes negative values. For a displacement ␦x in the upstream direction ͑i.e., ␦x Ͻ 0͒, the stationary jump is stable if a assumes positive values. Therefore, the stability condition is given as
The speed of a moving hydraulic jump in a wide rectangular channel can be evaluated by applying one-dimensional theory. Conservation of mass and momentum in a moving control volume that includes the jump requires 6 that
From Eqs. ͑A2͒ and observing that ͉a͉ Ӷ v u , we find
Hence, with Eq. ͑A3͒ constraint ͑A1͒ becomes
͑A4͒
Now we consider the stability condition expressed by Eq. ͑3͒, which, assuming ⌬ = 0, simplifies to We now show that the stability conditions expressed by Eqs. ͑A4͒ and ͑A7͒ are equivalent. Mathematically, the objective is to verify that the above equations are simultaneously satisfied.
We introduce the following nondimensional notation .
͑A11͒
This implies ␦M / ã Ͻ 0 for F u 0 ജ 1. Therefore, the stability of a stationary jump in a sloping channel can be equivalently studied in terms of either the momentum function or the jump speed.
